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Calculated properties of field-induced aggregates in ferrofluids
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We have calculated the critical radius of aggregates in thin layers of ferrofluid, assuming a cylindrical
aggregate shape, as a function of external field and plate separation. Results are obtained by minimizing the
Helmholtz free energy, and can be used to predict aggregate radius and spacing. The model, with entropy
included, provides reasonable predictions for the onset of the labyrinth pattern. These results show good
agreement when compared with data from experiments @ Heerosene-based ferrofluids and magnetorheo-
logical fluids.

PACS numbes): 77.84.Nh, 47.54¢r, 47.65+a

[. INTRODUCTION erences such as Ref®,3,12,14, the size of an aggregate
can be determined by a minimization of the free energy.
Ferrofluids, or magnetic colloids, pose interesting quesAssuming cylindrically shaped aggregates that span the
tions for both scientists and engineers. For the physicistthickness of the container, a close approximation to experi-
there are many new fundamental hydrodynamic, and physimental observations, the problem is reduced to finding the
cal problems that arise when a ferrofluid is exposed to a&nergetically favorable aggregate radius
magnetic field 1—6]. For engineers, the ferrofluid’s ability to Our model differs from those previously studiézlich as
undergo a phase transition from liquid to solid in the pres-Refs.[2,3,5,12,14) in that it includes an entropy term. The
ence of a magnetic field makes it useful for practical appli-addition of this configurational entropy proves important in
cations such as magnetofluidic seals, dampers, magnetic drdgtermining the equilibrium state of the system at typical
delivery, and many othe{g—10!. experimental temperatures-@00 K), shifting the predicted
Ferrofluids are composed of very small one-domain paraaggregate radii to smaller values. Further, the inclusion of
magnetic particles dispersed in a carrier, such as kerosemmtropy changes the range of external field and plate separa-
[1]. The particles are small enough, around 10 nm in diamtion for which the hexagonal array of aggregates is stable,
eter, that Brownian motion keeps them randomly dispersegroviding good qualitative agreement with experimentally
throughout the carrier in the absence of a magnetic field, andbserved trends. Since the diameter of the aggregates is on
they are coated with a surfactant to prevent clumping due tthe order of several microns, the entropy associated with
van der Waals forces. Thus the particle-particle interaction8rownian motion is not include(see also Ref.5]).
are restricted to a steric repulsion due to the surfactant and a The long-range attraction between chains, responsible for
dipole-dipole interactio3]. the aggregation, is not well understo$®,15,16. Martin
In the experiment of interest to us, the ferrofluid is con-et al.[17] proposed that the Landau-Peierls thermal instabil-
fined between two glass plates with a separatipand then ity could be responsible for this attraction in electrorheologi-
an external magnetic field is applied normal to the plates. cal fluids. However, it is not clear that this explanation can
On the order of 10 s after the field is applied, the particlese extended to ferrofluids. Gross and Kiskafi] intro-
form single particle diameter chains and, on the order ofluced a new long range attraction for two chains of dipoles,
10* s later, the chains clump together to form aggregtes but their result is only valid at absolute zero temperature.
A view normal to the glass plates shows two-dimensionallThe theory in this paper assumes that the chains will clump
patterns such as hexagonal and labyrinth. The focus of thitogether and asks, under this assumption, what will be the
paper is to predict the size and spacing of the aggregates fenergetically favorable aggregate size. As developed below,
a hexagonal pattern, once equilibrium has been reached, aglee model is not sensitive to the details of the attractive
function of Hy andL. We compare our theory to the experi- chain-chain interaction.
ments done by Hongt al. [4], Horng et al. [6], Liu et al.
[2], Flores and co-workell®,11], Wanget al.[5], and Bacri )
and co-worker§12,13, using approximately 10 nm §®, A. Magnetic energy
particles in kerosene. The theory is then used to predict the |n calculating the magnetic energy of the system, there are
onset of a structural phase transition as a functioll@nd  two interactions that must be taken into account. One is the
L. interaction between an aggregate and each of its neighboring
aggregates, and the other includes the interaction of the ag-
Il HELMHOLTZ FREE ENERGY gregate§ with the external magnetic field. .
The interaction energy between an aggregate and its
Since it is reasonable to say that the time scale associatewighbors can be calculated in accordance withetial.[2].
with changes in the shape of an aggregate is small comparéd this model the ends of the aggregates are thought of as
to the time scale associated with the formation of an aggredisks of uniformly distributed monopoles. There are two
gate from the chains, we treat the formation of the aggregateerms to consider; the first is the repulsion between disks in
as a quasiequilibrium process. Thus, in accordance with rethe same plane, and the second term is the attraction between
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disks in opposite planes. The resulting magnetic energy of ®2
the system(compare with Ref[2]) can be written as S=kgIn(Ng!)=kg In( b2! ) ) (4
b? "
- 24 2=
Emtor= &M b= &M L @) Using Stirling’s approximation, we arrive at the final expres-

sion for the entropy:

Here, &, and &, are constants which depend upon the prop-

erties of the aggregat# is the constant magnetization of an S=k N4
aggregate, and we have used the fact that the aggregate ra- B p2
dius is directly proportional to the aggregate spacing.,

bed, see the Appendjx We add an important assumption,

that the magnetization of an aggregate is directly propor-

tional to the external field strength. When the external field is  Several ways of including the surface energy appear in
turned on(i.e., not ramped slowly the particles do not have the literature. Halsey and To¢d4] used a surface energy
time to align with the field before becoming part of a chain.that depends upon the square of the external electric field by
Thus the magnetization of a chain, and therefore an aggreapplying the Ewald technique to electrorheological fluids.
gate, is determined by the amount of average alignment oli-iu et al. [2] used this same form of the surface energy for
tained by the particle. The larger the field, the more a particlanagnetorheological fluids. According to experimental data
will be able to align before chaining, and thus the higher theproduced by Sudet al.[8], the surface tension goesld§”°.
magnetization. It is reasonable to think that, on average, thgve choose the simple approach introduced by Zubarev and
particles are aligned with the external field, thus the magnetvanov [3], which assumes that the surface tension,is
tization is parallel to the external field. With these assumpindependent ofHo, and depends only upon the two sub-
tions, our model is expected to work best with low to mod-stances present at the interface.

erate field Strengths. Now this part of the magnetic energy of Since we have assumed a Cy|indrica| aggregate Shape, we

|2

) ﬂAZW- 5

N4
|H(F) -1

C. Surface Energy

the system becomes must introduce two surface tension terms: one for the top and
bottom of the aggregate, and the other for the sides. The
b2 surface energy for a single aggregate is then
Ewror=7:1H3b— 72Hg - vl
Es= f 0dS=20,(mb?)+ o,(27bL), (6)
s

To calculate the interaction energy of the aggregates with
the external magnetic field, we approximate the aggregates .
as dipoles. This approximation is reasonable sineed for Whereoy and o, are the surface tension for the aggregate-

the low volume fractions under consideration here. The englaSS and the aggregate-flm_d interfaces, respectively.
o . = > . The total surface energy is the product of the surface en-
ergy of this interaction is-m-H,, wherem is the magnetic

ergy of a single aggregate and the total number of aggre-
moment of the aggregate. Using the assumption above thﬁtag':)e/s Ng, SO gle aggreg g9

all of the magnetic particles within the aggregate are, on

average, aligned with the field, we can writen |2 202
=(7-rb2L)I\7I. To calculate the total interaction energy we Estor —5Es=———
must multiply this single aggregate energy by the total num- ymb

ber of aggregatetsee the Appendijx Thus this part of the
magnetic energy is

L
o1toy B) . (7)

Of course, only the second term contributes to finding the
aggregate radius that minimizes the free energy. Thus the

2 first term can be ignored in the minimization process. The
Ey =— —MH,L. 3) final surface contribution for use in our minimization of the
0 free energy is then
Here ® is the volume fraction of the ferrofluidy is the L _2<I>|2
packing fraction of the particles within an aggregate, and the Estor= 737, 737 y 72 ®

glass plates have aréa This contribution to the energy has
no b dependence, and thus can be ignored in the minimiza-
tion process. Therefore the total magnetic interaction energy

for the system is given by Ed2). The Helmholtz free energy formed by combining E,
(5), and(8) is

IIl. RESULTS

B. Entropy )

To calculate the entropy we treat the aggregates as distin- F=Emtot+ Estor TS= 71H3b— nzHSb—
guishable. The number of aggregatig, can be determined L
as a function of aggregate radi(see the Appendix There- L
fore, the number of states accessible to the systeMyis + e — K Tﬂ

. . . 3b B 2
and the configurational entropy of the system is

|774
" b2

—11. 9
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FIG. 1. Critical aggregate radius as a function of external mag- FIG. 2. Critical aggregate radius as a function of container
netic field. The upper curvliamondsis for L=50.0 um, and the  thickness. The upper curvésquares is for Hy,=100.0 Oe, the

lower curve(triangles is for L=10.0 um. The solid curves repre- Middle curve(triangles is for Hy=200.0 Oe, and the lower curve
sent a power law fit to the numerical results. (diamond$ is for Hy=400.0 Oe. The solid curves represent a

power law fit of the mathematical data.

Since the expression is too complicated to find the zeros of del dicts that th £ will f bout 0.3 t
the first derivative analytically, minima were located numerj-Mode! predicts that the exponent will vary from about U.5 1o
cally 0.6, increasing abl is increased.
F(')r all of the plots shown. the values of the constants ar An interesting feature of this model appears in the loss of
5 P ' s $he local minimum in the free energy, E@), as a function
7,=2.0<10"° erg/Oécm, 7,=8.0x10 © erg/Oécm, 7,

v . ~ 5 of b, for certain regions of parameter space. Shown in Fig. 3
=0.05 cnf (which corresponds teb=0.10, I?=1.0 cnf, g e phase diagram predicted by this model. The shaded

and y~0.638, the pascklng fraction for randomly placed greq of the graph is the region of parameter space where the
spheres 73=2.0x10"> erg (which corresponds to a sur- free energy has a well defined local minimum, as a function
face tension of approximately 6:410~° erg/cnf), and fi-  of b, for finite, nonzerob. This is the region of parameter
nally T=300.0 K. space where we can expect to make reasonable predictions

A plot of the energetically favorable radius of the aggre-for aggregate size and spacing for a hexagonal pattern. The
gates as a function of external magnetic fi¢tg, is shown other area of the graph is the region of parameter space
in Fig. 1. Here the container thickness is fixed &10.0um  where there is no local minimum in the free energy for finite
for the lower curve and.=50.0 um for the upper curve. b. Thus an ordered hexagonal pattern will not be found, and
The data points were obtained from the minima of the freedther patterns could be expected. Since labyrinth patterns
energy, and the solid lines were obtained by a power law fihave been observed experimentage, for example, Refs.
of the results. The equation corresponding to the power law4,5,13), it is reasonable to think that this region of space
fit is also included in the figure. The stars are experimentaivill correspond to labyrinth patterns. In Reff5], it was
data points obtained from Ref4]. Also included in this
reference is a graph of aggregate separation as a function of 14
external magnetic field that is in good qualitative agreement
with our model. In Ref.[6], Horng et al. determined that
aggregate spacing goes roughly as the inverse of the applied
field. The exponents predicted in our model vary from 1.0 to
1.7, increasing as the layer thickness decreases. Finally, in
Refs.[12,13, it was found that increasing the magnetic field
led to a decrease in the size of the aggregates, consistent with
our results.

Figure 2 is a plot of the energetically favorable radius as a Labyrinth?
function of L for a fixed external magnetic field dfl, 0 T T
=100.0 Oe for the upper curved,=200.0 Oe for the Q 2d0 200 600
middle curve, anH,=400.0 Oe for the lower curve. Once External Magnetic Field (Oe)
again the data points were obtained from the minima of the
free energy, and the solid lines represent a power law fit o{h
the data. The stars 0!’1 this graph are tha'ned from [Ref. mum in the free energy as a function of aggregate radiushis is
The exponents are displayed on the figure and can be congse region of parameter space where we can expect to make reason-
pared with other models. Previous models, such as[B&f.  apje predictions for aggregate size and spacing for a hexagonal
have an exponent that varies from 0.5 f01510.0um t0  pattern. In the other area of the graph, there is no minimum in the
0.67 for thicker layers. This was done fip=300 Oe. The free energy as a function of aggregate radius. Thus we expect no
model, introduced by Liwet al.[2], obtained an exponent of hexagonal pattern to form in this region. Instead, other patterns such
0.37 for magnetorheological fluids witH,=380 Oe. Our as labyrinth or disordered phases may form.

81  Hexponal

Container Thickness (um)
*

FIG. 3. Phase diagram predicted by model. The shaded area of
e graph is the region of parameter space where there is a mini-
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found that increasing the thickness of the layer led to a labyfeatures reported for patterns formed in thin ferrofluid layers,
rinth pattern. Our model does not predict this behavior, buand provides a starting point for the development of more
does predict the behavior seen in Refl. In Ref.[4], it was  detailed, quantitative treatments of complex magnetic fluids.
found that for smalL (2.0 um), an increase in external field

from 200.0 to 400.0 Oe led to a transition from a hexagonal APPENDIX

pattern to a labyrinth pattern. This behavior is correctly pre- hat th di lindrical
dicted by our model. In addition, our model indicates that, ~SSUMe that the average radius N cylindrical aggre-

for low field, an increase in the field leads to a transition9ates isb, anq that the particleszlie in th2e aggregates with a
from a labyrinth to a hexagonal pattern, which agrees witHPacking frqctlony. ThenNoy(7b®L) = @I°L, _vvhereL andl_
Ref.[13]. are thg thickness and Igngth of the con';alner, respectively,
and® is the volume fraction of the ferrofluid. The number of
V. CONCLUSIONS aggregates as a function of the radius of the aggregate is then
We have shown that aggregate size and spacing can be N.— @12
qualitatively determined by minimization of the Helmholtz O_beZ'
free energy for the ferrofluid system described in Sec. I. This
approach differs from others in that it includes the effects of For a hexagonal pattern with a spacidgbetween aggre-
entropy. Previous similar modelsuch as Refg2,5]) predict ~ gates, it is easy to show that
the aggregate spacing as a function of container thickness

(A1)

only. Our model can also predict trends as a function of _ 212

e : ; . No=——=. (A2)
external magnetic field strength, in agreement with experi- d2.3
ment.

Another feature of this model is the prediction of a struc-Using Eq.(A1) above, we find that the spacing between col-
tural phase transition, corresponding to the loss of the localmns as a function of aggregate radius is
minimum in the Helmholtz free energy as a function of ag-
gregate radius. This prediction emphasizes the value of ex- d=b /m
perimental study of the complete phase diagram in the space N ®\3’
of external field and plate separation. With these experimen-
tal data, the model could be adapted to allow for differentThus we see that a plot dfor d, as a function oH, or L for
forms of the surface energy or alternate aggregate shapes, faeed volume fraction, differs only by a multiplicative con-
discussed in Refd.3,12,14. Thus this model captures the stant.

(A3)
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